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We study the implications of a noncommutative geometry of the minisuperspace variables for the 
FRW universe with a conformally coupled scalar field. The investigation is carried out by means 
of a comparative study of the universe evolution in four different scenarios: classical commutative, 
' classical noncommutative, quantum commutative, and quantum noncommutative, the last two em- 

^ ■ ploying the Bohmian formalism of quantum trajectories. The role of noncommutativity is discussed 

' by drawing a parallel between its realizations in two possible frameworks for physical interpretation: 

^S) ■ the NC-frame, where it is manifest in the universe degrees of freedom, and in the C-frame, where it is 

manifest through ^-dependent terms in the Hamiltonian. As a result of our comparative analysis, we 
o : find that noncommutative geometry can remove singularities in the classical context for sufficiently 

^3 ' large values of 6. Moreover, under special conditions, the classical noncommutative model can admit 

bouncing solutions characteristic of the commutative quantum FRW universe. In the quantum con- 
. text, we find non-singular universe solutions containing bounces or being periodic in the quantum 

commutative model. When noncommutativity effects are turned on in the quantum scenario, they 
04 ■ can introduce significant modifications that change the singular behavior of the universe solutions 

^ ' or that render them dynamical whenever they are static in the commutative case. The effects of 

noncommutativity are completely specified only when one of the frames for its realization is adopted 
as the physical one. Non-singular solutions in the NC-frame can be mapped into singular ones in 
the C-frame. 
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CLl' I. INTRODUCTION 

Over the latest years a great deal of work and effort has been done in the direction of understanding canonical 
noncommutative field theories and quantum mechanics (see P, Q and references therein) . The recent interest in 
' these theories is motivated by works that establish a connection between noncommutative geometry and string 
, theory Intensive research is carried out to investigate their interesting properties, such as the IR-UV mixing 
and nonlocality 0] , Lorentz violation , new physics at very short distances P, Q , and the equivalence between 
translations in the noncommutative directions and gauge transformations (see, e.g. 

Several investigations have been pursued to verify the possible role of noncommutativity in a great deal of 
cosmological scenarios. Among them we quote Newtonian cosmology 0], cosmological perturbation theory and 
inflationary cosmology 8] , noncommutative gravity , and quantum cosmology [lol . In a previous work 
|ll| , an investigation into the influence of noncommutativity of the minisuperspace variables in the early universe 
scenario was carried out for the Kantowski-Sachs universe. Although noncommutativity effects proved to be 
relevant to the universe history at intermediate times, they were shown not to be capable of removing the future 
and past cosmological singularities of that model in the classical context. In the quantum context, on the other 
hand, non-singular universe solutions were shown to be present. However, since they exist for the commutative 
quantum Kantowski-Sachs universe, their presence in the ensemble of solutions of the noncommutative quantum 
model cannot be attributed to the noncommutativity effects. 

Although the investigation carried out in |0 was restricted to a particular model, one expected that some of 
the results obtained there could be of general validity. Indeed, in this work we shall show that noncommutativity 
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can appreciably modify the evolution of the Friedman-Robertson- Walker (FRW) universe with a conformally 
coupled scalar field [12i.il3j . As in reference our investigation is carried out by means of a comparative study 
of the universe evolution in four different scenarios: classical commutative, classical noncommutative, quantum 
commutative and quantum noncommutative. The main motivation for the choice of the conformally coupled 
scalar field is that it admits exact solutions in the simpler cases discussed along this work and it is rich enough 
to be useful as a probe for the significant modifications noncommutative geometry introduces in classical and 
quantum cosmologies. The analytical treatment renders easy the study of the singular behavior of the model 
in its four versions. As we shall show later, even in the classical context noncommutative geometry can remove 
singularities. Moreover, depending on the value of the noncommutative parameter, noncommutative classical 
models can mimic quantum effects. 

As an interpretation for quantum theory, we are adopting the Bohmian one, which we briefly review in section 
4. Originally proposed by Bohm in 1952 14], and further developed by him in a collaboration with Hiley 
such an interpretation of quantum theory has acquired an increasing number of adepts alon g th e years |l6j |. 
Decisive contributions for the development of the Bohmian quantum physics were made by Bell |l7l | , who was its 
arduous defender for three decades, by Holland 0, and by D. Diirr, S. Goldstein and N. Zanghi (see, e.g., 0- 
[i^ and ref. therein). Due to the capability it has to reproduce the experimental results of quantum mechanics 
and quantum field theory providing an intuitive interpretation of the underlying dynamics, Bohmian quantum 
physics is presently an issue of interest for broad community (see, e.g., |23j). In this work the main reason that 
compels us to adopt the Bohmian interpretation in quantum cosmology is the absence of external observers 
in the primordial quantum universe, which renders the standard Copenhagen interpretation inapplicable in its 
description. As an alternative, the Bohmian interpretation has been employed in several works of quantum 
cosmology and quantum gravity (see, e.g., [TH 13, 24]). Other interesting aspect of the Bohmian approach 
to quantum theory, which motivates us for its adoption, is the efficient framework it provides for comparison 
between the classical and quantum counterparts of a physical model in the common language of trajectories. 
We shall benefit from this facility in our comparative study of the four versions of the FRW universe. Since our 
preference for Bohmian interpretation is justified for technical, rather than philosophical reasons, we shall not 
focus our discussion on fundamental questions regarding the interpretation of quantum theory (for references on 
this subject see 10,13). Instead, whenever possible, we shall give preference for the interpretation-independent 
aspects. 

This work is organized as follows. Sections 2 and 3 are devoted to a comparative study of the classical 
FRW with a conformally coupled scalar field and its noncommutative counterpart. In section 4 we present 
the commutative quantum version of the model, and analyze it by using the Bohmian formalism of quantum 
trajectories. A similar study is carried out in sections 5 and 6, which are concerned with the noncommutative 
quantum version of the model. In section 7 we end up with a general discussion and summary of the main 
results. 



II. THE CONFORMALLY COUPLED SCALAR FIELD MODEL 

As a reference for the identification of the noncommutative effects later, it is interesting to consider first the 
commutative classical FRW universe, which we describe as follows. We shall restrict our considerations to the 
case of constant positive curvature of the spatial sections. The action for the conformally coupled scalar field 
model in this case is Il3| 



S = / d'^xJ^c 



1 



1 



(1) 



where g^j/ is the four-metric, g its determinant, R is the scalar curvature, and is the scalar field. Units are 



chosen such that h 



1 and SttG ~ 3Z^, where L is the Planck length. For the FRW model with an 
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homogeneous scalar field the following ansatz of minisuperspace can be adopted 



(2) 



By substituting (j^J in |^ and rescaling the scalar field as x = fclp/ V% we have the following minisuperspace 
action^ 



S = dtl Na 



N N a 



The corresponding Hamiltonian is 



where the canonical momenta are 



H ^ N 



4a 4a a 



Nn, 



^ _2aa ^ 2ax 

N ' ^ N ' 

As the Poisson Brackets for the classical phase space variables we have 

{a,x} = 0, {a,Pj = l, {x,Px} = l, {Pa,Px} = 0. 



(3) 



(4) 



(5) 



(6) 



The equations of motion for the metric and matter field variables a, Pa, x ^-nd P^ that follow from and © 
are 



d = {a,H} = -NPa/2a, 

Pa = {Pa,H}^2N, 



X = {x,H}^NP^/2^, 



(7) 



. Px^{Px,H} = -2Nx/o 



From now on we shall adopt conformal time gauge N = a. The general solution of for a and x iii ttiis gauge 
is 



a(t) = (A + C) cos(t) + {B + D) sin(t), 



(8) 



X{t) = {A-C) cos{t) + [B-D) sin(t) , (9) 

where the super-Hamiltonian constraint ?i w imposes the relation 

AC + BD = Q. (10) 

As it can be seen, the classical commutative solutions are necessarily singular in the past and in the future. 
Figs. 1(a), (6), (c) and (d) present plots of the solution for a{t) in the dashed curves for given values of A, i3, 
and C [D is fixed by pUjl]. 



We have discarded total time derivatives and integrated out the spatial degrees of freedom since they are not relevant for the 
equations of motion. 
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III. NONCOMMUTATIVE DEFORMATION OF THE CLASSICAL MODEL 

Let us introduce a noncommutative classical geometry in our universe model by keeping the Hamiltonian 
with the same functional form as but now valued on noncommutative variables, 



H = N 



p2 



pi 

4a„ 



Xnc 



(11) 



where a„c, Xnc, ^a„c and P^^^ satisfy the deformed Poisson brackets 



Kc,X„c} = ^, {a„„Pa„J = l, {Xnc,Px„c} = l, {^a„. , ^x^c } = 0. (12) 

By making the substitution 

9 6 

anc=ac - -P^^, Xnc = Xc+2-Pae, Pa^^Pa^,, Px. ^ Px^a, (13) 

the theory defined by and ^12\ can be mapped into a theory where the metric and matter variables satisfy 
the Poisson brackets 

{a„xc} = 0, {a^P.J^l, {xc,Pxc} = l, {^a.,Pxc} = 0. (14) 

Written in terms of Oc, Xc, -Pa^, and -P^c) the Hamiltonian (|ll|l exhibits the noncommutative content of the 
theory through 6'-dependent terms. Two distinct physical theories, one considering Oc and Xc, and the other 
considering Onc and Xnc as the physical scale factor and matter field can be assumed to emerge from (fTT|l . ((T^ . 
H13|l and H14() . In the case where Oc and Xc are assumed as the preferred variables for physical interpretation, 
the theory can be interpreted as a "commutative" one with a modified interaction. We shall refer to this theory 
as being realized in the "C-frame" . To the other possible theory, which assumes a„c and Xnc as the constituents 
of the physical metric and matter field, we shall refer as realized in the "NC-frame".^ There are works that 
privilege the C-frame approach (e.g. 0|), and others the NC-frame (e.g. [ill EtL EsI '). Some works rely on 
the assumption that the difference between C- and NC-variables is negligible (e.g. |22j). However, as showed in 
[iif . even in simple models the difference in behavior between these two types of variables can be appreciable. 
In what follows we will show that in the cosmological scenario the assumption of the NC- or C-frame point 
of view as preferential for physical interpretation leads to dramatic differences in the analysis of the universe 
history. A parallel between the theories in both frames realizations is draw in the classical context here, and in 
the quantum context in section 6. 

Methodologically, the route we shall follow in the computation of the configuration variables in this classical 
context is the same as that adopted in the noncommutative quantum case discussed later on. We shall depart 
from the C-frame and calculate ac(<), Xc{t)i Pa^{t), and P^^{t). After that, we shall use to obtain the 
corresponding anc(t) and Xncit) in the NC-frame. The computation of the physical quantities is rendered 
simpler by the gauge choice N — anc, which from now on will be assumed as the gauge employed in all 
calculations. 



^ The situation here is, in a certain sense, similar to that of generalized th eories of gravitation. There are two different frames for 
physical interpretation, as the Einstein frame and the Jordan frame l26l . There is a mapping between them, as the conformal 
transformation that maps the the Jordan into the Einstein frame. However, as in the generalized theories of gravitation, the 
noncommutative cosmologies in the different frames are not physically equivalent. The reason is the same as there; the theories 
are not the same because the physical objects they refer to are not identical. 



5 



The equations of motion for the variables ac{t), Xc{t), Pa^it) ^^^d Pxai^) are 

- {a,, i/} = - i (1 - 02) p^^ + Oxc, 

Xc = {Xc,i?} = Hl~^')^x. +^ac, 

P^^={P^^,H} = -2xc-0Pa^. 
According to the values of 6, the system lfT3|) allows three types of solutions, which we describe below. 



(15) 



1. Case \e\ < 1 

The general solutions for adt), Xc{t), Pa^i^) and PxA^) in the 9 < \ case are 

a^t) = e«* [AVT~e^ cos {VT~~e^t) + bVT~0^ sin {VT^t)] 

+e-^' [cVT^ cos {VT~e^t) + DVT~e^ sin {^/T^t)] , 

Xcit) = e^* [AVT~~e^ cos {VT~e^t) + BVl~^sm {Vi~^t)] 



-et 



[CVT^^cos {VT^t) + dVT^ sin (VT^t)] 



(16) 



(17) 



Pa. = 2e' 



et 



Bcos \/l-6'2t +Asin \/l-eH 



2e 



-et 



-D cos 



s (^^/T~^^t^ +Csm (v^l - O^t^] , (18) 



2e 



-et 



-£> cos ( vT^^i ) + C sin ( vT^^i 



B cos (^Vl -6l2tj - A sin i^y/l - eHj + 2e 

From ((T^ . (fTC|) - (fT^ we can calculate a„c(0 and Xnc(0 as 

a„c(t) = e^* { [A^/T^ - Bd] cos (%/l~~02i) ^ [B\/T~~02 _^ ^gi] g^j^ (^/T~r02i)| 

+e-^* { [C%/T~^ + De] cos - 6i2i) + [dVT~0^ - CO] sin {VT~0^t) } , 



(19) 



(20) 



Xr,c{t) = e^* { [AVT~~^ - Be] cos (\/T~~^t) + [B^/T~e^ + Ae] sin (\/T~~^t) } 

(21) 

-e-"* { [CVT~0^ + DO] cos (Vl - OH) + [DVT~e^ - C9] sin {^/^~9^t) } . 

The constraint 7i w in the present case can be written as 

{AC + BD) Vl - 0^ + {AD - BC) e = Q. (22) 

In the limit where 0^0, equation (|22ll is reduced to the equation 11U|I . In the same limit, the NC- and C-frame 
solutions, given by H20|l - (|21|l and l|16|) - (|17|l . respectively, coincide and match with the commutative solutions ((HJ 
and 

From (|16|l . (|2()|l and (|22|l it can be seen that, as in the commutative case, anc{t) and ac{t) are unavoidably 
singular in the past and in the future. The exponential multiplying factors in both solutions can model their 
shape giving rise to bounces at intermediate times, as is depicted in the thin and thick solid lines in Fig. 1(a) 
for representative values of A, B and C [D is fixed by (|22J)] . 
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FIG. 1: The typical behavior of the scale factor of the noncommutative FRW universe in the NC- frame realization (thick 
lines) in contrast with C-frame realization (thin lines) . The scale factor of the commutative counterpart appears plotted 
in the dashed lines, (a): B = 3/4, A = 5, B = 3 and C = 6. (6) : 6» = 1, A = 3, B = 2 and C = 1. {c) : 6 = 3/2, A = 4, 
B = 3 and C = 1. (d) : 9 = 3/2, A = -1.2, B = 2 and C = -1. 



2. Case e = ±1 

When 9 = ±1, the solutions for ac{t), Xc{t), Padt) and Pxdt) 

ac{t) = A cosh t + B sinh t, 



(23) 



Xc {t) — cosh t± A sinh t, 



(24) 



Pa^ =2{D + At) cosh t + 2{C + Bt) sinh t, 



(25) 



P^^ = ip2 (C + Bt) coshf =F 2 (£» + At) sinhi. 
As the corresponding a„c(i) and Xnc{t), we have 

a„c{t) = {A + C + Bt) cosht + {B + D + At) sinhi, 



(26) 



(27) 



Xncit) =±{B + D + At) coshi ± {A + C + Bt) sinhi. 



(28) 
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The constraint H ~ in the present case can be written as 

- B'^ + 2 {AC - ED) = 0. 



(29) 



As it can be seen, the universe solutions in the case 6 — ±1 are characterized by a quahtative behavior that 
differs from the one corresponding to the case \9\ < 1. There exist non-singular bouncing solutions for both 
o-nc{t) and ac{t), as depicted in Fig. 1(6). However, the correspondence between the NC- and C-fr-ames can be 
broken for some values of the integration constants. Non-singular solutions in the NC-frame can correspond to 
singular solutions in the C-frame. An interesting example is the case where A = B = and C > \D\. This 
corresponds to a bouncing universe in the NC-frame that has no counterpart in the C-frame, where the universe 
is singular at all times. 



3. Case \e\ > 1 



The general solutions for adt), Xc{t), PaS^) and Pxdt) when \d\ > 1 are 



ac{t) = e'^* [ylV02~~Tcosh {VO^ - It) + SVF^sinh {VO^ - It)] 



-fe-^* [CVF^cosh {VT^t) + DV^^sinh (VF~Tt)] , 



(30) 



Xc{t) = e"* [AVO^ - 1 cosh {VO^ - It) + BVP~Tsinh {VO^ - It) 
-e-^' [CVP^cosh {^/W^t) + dVW^ sinli {^W^t)] , 



et 



(31) 



B cosh (^^6"^ - Itj + A sinh [^/O^ - Itj + 2e"''* D cosh (^^9^ - Itj + C sin [^/O^ - Itj , (32) 



-2e' 



et 



Bcos (^6*2 - Itj + A sin (^^/¥~lt 



2e 



-et 



D cos ( v/6l2 - It ) + C sinh ( \/e^ - It 



From (|13|l . (|16|) - (|19|l we can calculate the corresponding anc{t) and Xnc{t) as 

a„e(i) = e«* { [A-^/W^ + BO] cosh (^/^2~T^) + [Bx/^2~T + AO] sinh (V^^"^"*) } 

-Fe"^* { [CV^2~~T - 1561] cosh {^/W^t) + [L>\/02~~T - CO] sinh (VP~Tt) } , 
Xnc{t) = e^* { [AVP^ -I- B6\ cosh (\/^2~Tt) + [B^/W^ + AO] sinh (V^2-rTi) } 



-9t 



{ [CV^2~~T - D6\ cosh (V6I2 - It) + [D^/W^ - CO] sinh {^/W^t) ] 



When \6\ > 1, the constraint ?i « is reduced to 



{BD - AC) - 1 + (^D - BC) i 



0. 



(33) 



(34) 



(35) 



(36) 



As in the case where 9 = ±1, there are present non-singular bouncing solutions in both NC- and C-frames. 
Fig. 1(c) depicts one example. Again we find that, depending on the values of the integration constants, 
non-singular universes in the NC-frame can correspond to singular universes in the C-frame [Fig. 1(d)]. 

It is now clear that the 9 = ±1 case establishes a division between qualitatively different ensembles of 
noncommutative universe solutions, since only for \9\ > 1 non-singular universes can exist. But this is not the 
only interesting property that appears when 9 — ±1. As it will be shown later, the solutions in this case have a 
particular behavior that reveals the capability noncommutativity has to mimic quantum effects under special 
conditions. 
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IV. MINISUPERSPACE QUANTIZATION 

Here we present the quantum version of the commutative universe model discussed in section 2. The FRW 
universe with conformally coupled scalar field has already been investigated in the basis of the Wheeler-DeWitt 
equation in and the latter using Bohmian trajectories. However, in reference there was a restriction 
to the regime of small scale parameter, and the wavefunctions considered were different from the ones studied 
in this work. 

The quantization of minisuperspace model is here carried out by employing the Dirac formalism (for details 
see 0). By making the canonical replacement Pa = —id/da and = —id/dx in we obtain, applying the 
Dirac quantization procedure, 



-A{c 



X 



(37) 



which is the Wheeler-DeWitt equation for the conformally coupled scalar field model. This equation can be 
solved by separating the a and x variables, as it has been done in the literature (see 0, [i^ and references 
therein). However, by making a change of variables there is another route to tackle the problem that is interesting 
by the ensemble of solutions it generates. We shall present it here, and show, later on, that such a route it is 
particularly suitable for application in the noncommutative quantum case. 
By making the coordinate change 



a = ^cosh7y, x = ^sinh77. 



we can rewrite (|57|l as 



By plugging in the ansatz 



ld_ 1 



-4r 



*(e,7?)=0. 



in 1)39(1 we obtain, after simplification. 



de 



IdR 



7— +(^-4?^)^ = 



(38) 



(39) 



(40) 



(41) 



A solution to ||1T|| is 



where K,j[x) and Iu{x) are Bessel functions of the second kind, A and B are constants and a is a real number. 
The solution of the Wheeler-DeWitt equation ((39|l is therefore 



BI, 



ia/2 



(42) 



Such a kind of wavefunction also appears, e.g., in the study quantum wormholes 30] and in quantum cosmology 
of the Kantowski-Sachs universe The contribution corresponding to I^{x) is usually discarded because 

it leads to a solution that is divergent in the classically forbidden region of the potential. From the point of view 
of the quantum trajectories, as it will be clear in the next subsection, there is no fundamental reason for this 
solution be discarded. However, since in this work our main interest is in the influence of noncommutativity 
in cosmology, rather than in the foundations of quantum theory, we shall give preference for wavefunctions 



A particular factor ordering is being assumed. 
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that are also admissible in interpretations other than the Bohmian one. We shall therefore discard the /^(x) 
contribution and write the solution of as^ 

«'(^,77)=^A„i^,„/2(^')e'"''- (43) 

a 



A. Quantum Trajectory Formalism 



In order establish a framework where all versions of the universe model can be compared, it is interesting to 
appeal to a common language. This is provided by the Bohmian quantum trajectory formalism, which we briefly 
describe in this section. For a more detailed account of the subject, see the references given in the introduction. 

In the formulation presented here, we shall benefit from ideas proposed in The wavefunction will be 

assumed as not a constituent of the physical system, as originally assumed by Bohm [l^ , but as a representation 
of it. Quantum information theory tells us that the wavefunction has a non- physical character |32| |. Bohmian 
quantum physics should in some way be in accordance with this fact. Actually, the comprehension of the 
meaning of the wavefunction as a representation of a quantum system is crucial to achieving the understanding 
of quantum mechanics from any perspective |2(il |. The same point of view seems to be suitable for adoption 
in quantum cosmology. We shall briefly comment this aspect when applying the Bohmian formalism in the 
description of the noncommutative version of our universe model. 

When dealing with a quantum model one must have a clear picture of the elements of ontology of the theory. 
By the elements of ontology, we mean what the theory is essentially about. ^ The orthodox quantum theory 
based on the Copenhagen interpretation, e.g., is about observers that realize measurements. In the Bohmian 
interpretation, on the other hand, quantum theory is concerned with the physical systems, which can be particles, 
waves, strings, etc. In this work the object of attention is the primordial quantum universe, characterized, in the 
minisuperspace formalism, by the configuration variables a and x- Having fixed the objects of ontology of the 
theory, we must determine how they evolve in time. This is done with the aid of the wavefunction, whose role 
is to provide us the evolution law. The procedure is best illustrated in the context of non-relativistic quantum 
mechanics. 

Bohmian non-relativistic quantum mechanics is concerned with the behavior of point particles that move in 
space describing quantum trajectories. An evolution law is ascribed to them according to the rule 



.- = Re(l[^^Hf)^n^^, (44) 
[m J TO ^ ' 

where ^ is the wavefunction and S is obtained from the polar decomposition ^ = Aexp{iS). As in the orthodox 
interpretation, the wavefunction satisfies the Schrodinger equation 

ih^^ V2* + y*. (45) 

Equations (|44|l and H45|l specify completely the theory. Without any other axiom, all phenomena governed 
by nonrelativistic quantum mechanics, from spectral lines and quantum interference phenomena to scattering 
theory, superconductivity and quantum computation follow from the analysis of the dynamical system defined by 
(O and (gni Hi. The expectation value of a physical quantity associated with a Hermitian operator A (a;%p*) 
in the standard formalism can computed in the Bohmian formulation by ensemble averaging the corresponding 



* Since a is a continuous index, in the most general case the summation can be replaced by an integral. 

^ Every physical theory must necessarily be essentially about something, the primitive ontology of the theory I16J . In this sense, 
all the theories are ontological. 
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"beable" 



^(^) = S ^ } = ^ (^^*) ' (46) 

which represents the same quantity when seen from the Bohmian perspective.® In the context of non-relativistic 
quantum mechanics, it can be shown from first principles that an ensemble of particles obeying the evolution 
law the associated probability density in the configuration space must be given by p = 0|. This is 
why computing the ensemble average of A (x* , t) , 

d^xpA {x\t) = j (f'x'^*! {x\ -ih^^) * = (l)t, (47) 

we arrive at the same results of the standard operatorial formalism. Notice that the law of motion (|44() can 
itself be obtained from ()46|l by associating with the "beable" corresponding to the velocity operator 

x' ^b{i[H,x']\ (48) 



As a consequence of being an objective theory of point particles describing trajectories in space, Bohmian 
quantum mechanics does not give to probability a privileged role. Instead, as discussed in |,19|, such a formulation 
probability is a derived concept, a decurrent of the law of motion of the point particles. The Bohmian formulation 
is thus eminently suitable for the study of individual systems, as the primordial quantum universe. In the 
remaining of this section, we will be concerned with the application of the theory to the commutative quantum 
universe discussed in the beginning of this section. In the next sections a similar study will be carried out for 
the noncommutative quantum case. 

B. Application to Quantum Cosmology 

In this subsection we shall apply the Bohmian formalism to obtain information about the evolution of the 
quantum FRW universe with a conformally coupled scalar field. In the description of quantum cosmology 
employing quantum trajectories we shall extend the evolution law H48(l to the minisuperspace variables. In the 
commutative case the resulting Bohmian minisuperspace formalism matches with the minisuperspace version of 
the Bohmian quantum gravity proposed in 18J, and employed to study the conformally coupled scalar model 

a. 



m 13. From (EHl we find, in the gauge N 



[^-(-.a/2)v.]i lag 

' I 2 9a' ^ ' 



X = ^e{^^:^^4^\^\f. (50) 



By changing (|^ and into the (^, 77) coordinates defined by (pTH)! we obtain 



(51) 



dt 2 di ' dt 2^2 ■ 

In what follows we shall solve the system (I51|l in two examples where the a universe is characterized by a 
wavefunction of the type 1)431) . 



® Holland 18j calls the procedure defined in equation 1461 as "taking the local expectation value" of the observable A. Such a 
nomenclature is not adopted here because it is unsuitable to be used in theories where the object of ontology is an individual 
system, as in quantum cosmology. 
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Case 1 



Let US consider first tlic example where there is a single Bessel function in 1)43(1 . In this case the wavefunction 
is given by 



(52) 



where A is a constant. Since the Bessel function Ki^{x) is real for i' real and x > 0/ the phase can be read 
directly from the exponential in (|52|l : S — arj. The equations of motion (|51() in this state are therefore reduced 
to 



whose solutions are 



dt ' dt 2^2' 



^^0 



The corresponding a{t) and x(0 obtained from H38|l are given by 



a (t) = £,0 cosh i^+Voj , x{t) = 6 sinh |^^t + 770 



(53) 



(54) 



(55) 



Quantum effects can therefore remove the cosmological singularity, giving rise to bouncing universes. Under 
suitable conditions, solution (|55|) can represent a quantum universe that is indistinguishable from a noncommu- 
tative classical universe. This is seen by noting that it can be mapped into the solution for ac(t) (Eq. I23|l in 
the case where ^ = ±1 by identifying a/2^Q = 1, ^0 = ^ and t^q = ^ = 0, or to the solution for a„c(i) (Eq. I?7|) 
by identifying a/ 2^1 = 1, ^0 = C and r;o = A B = D = 0. 

In the case where a = 0, equation (|55|l describes a static universe with arbitrary large scale factor, a highly 
nonclassical behavior. 



2. Case 2 



Let us now consider a wavefunction that is a superposition of two Bessel functions in (|43|) . that is 

*(e, 77) = {e) e^^" + ^2i^,./2 {e) e'""- 

As the corresponding phase we find 

o.. „^ ^ {e) sin {m) + ^2i^../2 {e) sin {vy) 

[AiK,^/2 ie) cos + ie) COS ii^rj) _ 

where the Ai and were chosen as real coefficients. The equations of motion (I51f) for this state are 



(56) 



(57) 



dt 



A1A2 



C sin [(Ai - v) 77] 



+ ^i^^W2 + 'iAiA2K,^/2K,^/2 COS [ifi - J/) 7?] ' 



(58) 



dr^ _ 1 M^i^»^;./2 + '^A^Kl/^ + (a^ + t^) ^1^2 j^»;./2j^»,./2 cos [(aj - ly) y] 

dt~2e AlKl^^+AlKl^^ + 2A^A2K,^,2K,,/2Cos[i^i~v)l^] ' ^ ^ 



This can be verified by looking at the integral representation (8.432) in page 958 of reference l33l . 
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where prime means derivative with respect to the argument. The system (I58ll - (|59|) is set of nonhnear coupled 
differential equations. Analytical solutions are difhcult to find. Numerical solutions, on the other hand, can be 
easily computed for ^{t) and ri{t). Once the solutions for ^{t) and ri{t) are found, the corresponding a{t) and 
xit) are determined from H38|) . 

The qualitative properties of the solutions of autonomous system such as (|58|) - (|59|l can be determined by 
analyzing the associated field of velocities. From the right hand side (RHSO of (|58|l - l|59|) we can see that the 
field of velocities has its direction inverted under the substitution fi — /i, 1/ —v. Therefore, to have a 
qualitative picture of the associated flow one must be concerned only with the relative sign of fi and v. For 
simplicity, let us fix Ai — A2 = l/%/2, and, without loss of generality, consider /i > 0. The direction fields 
corresponding to the two possible combinations of relative sign between /i and v are depicted in Figs. 2(a) 
and 2(6) for representative values of these constants, where the orbits of some solutions are also plotted. As it 
can be seen, the case with positive fi and negative v favors the formation of closed orbits, which correspond to 
non-singular cyclic universes. The case with positive fi and ly, on the other hand, tends to privilege the open 
orbits. 

The presence of the trigonometric functions in the RHS of (|58|I - H59(I is the reason for the repetitive pattern 
of the direction fields observed along the rj direction with period 2tt/ \pi — ly] ~ 5.32 in Figs. 2(a) and 2(6). 
The systematic appearance of closed orbits along the rj direction in Fig. 2(a), and the possibility of varying 
their amplitudes with an appropriate choice of the initial conditions and the constants /i and ly, show us that 
the cyclic universe solutions can present a variable amin- Another quantity that is variable is the number of 
e-folds between its maximum and minimum size configurations. This information can be read directly from the 
logarithmic plot of a(t) in Fig. 3(a), where the solution depicted corresponds to one of the, closed orbits of Fig. 
2(a). Another interesting non-singular solution type is depicted in Fig. 3(6). This corresponds to one of the 
open orbits of Fig. 2(6), and is an example of an universe that passes by sequence of infinite bounces starting 
in the infinite past and never ending. The sequence is itself enveloped by a larger bounce. 

A different non-singular solution type is present in the case where ^ = —v. Since the phase of such a kind of 
state is S* = 0, the corresponding universe is necessarily static. 



V. THE NONCOMMUTATIVE QUANTUM MODEL 

After having studied the individual manifestation of noncommutative and quantum effects in the conformally 
coupled scalar field universe, we are now in time to study the combination of them in a unique model. This is 
achieved by considering the quantum version of equation H12() : 

[a,x]=iO, [a,Pa]=i, [x,Px]=h [Pa,Px]=0. (60) 

According to the Weyl quantization procedure 0, 01 , the commutation relation above between the observables 
a and x can be realized in terms of commutative functions by making use of the Moyal star product defined as 
below 

f{ac,Xc)*9iac,Xc) ^ fiac,Xc)e^^'^'"'^'"'~ ^ ""^iacXc)- (61) 

The commutative coordinates Oc and Xc are called Weyl symbols of the operators a and Xi respectively. A 
Wheeler-DeWitt equation the can be adopted for the noncommutative scalar field universe is 



p2 p2 



*(a„ Xc) +i{al~ xl) * "fiac, Xc) = 0, (62) 
which is obtained by Moyal deforming^ l|37|l . By using the properties of the Moyal product, it is possible to 



For details about this procedure see llOl and llll . 
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FIG. 2: The field of directions and selected orbits corresponding to the Bohmian differential equations for the commutative 
FRW universe in two cases: (a) : fi = 0.6, v = —0.58. Orbits: = 1-2, ?7o = 2 and = 1-2, rjo =4. (b) : fj, = 0.6, u = 1.78. 
Orbits: = 0.2, ?7o = 3 and ~ 1.7, rjo = 4.5. 



write the H62|l as 



P„ ~ Pi 



^{a,, Xc) + 4 (a^ _ ^,{a,, Xc) = 0, 



(63) 



where 



S=«c-2^Xc, X^Xc+^K. Pa^^Pa, Px.=Px- (64) 

Equation Ht)4|) is nothing but the operatorial version of equation (|13|l . The notation Oc and Xc is now justified. 
These symbols match exactly with the canonical variables defined by 113() . Here we are in face with the same 
situation as in the classical case. Two consistent cosmologies are possible. One considering fie and Xc as the 
operators associated with the physical metric, and the other considering a and x. In the application problems 
we shall consider the two possibilities. 



A. Noncommutative Bohmian formalism 



In order to draw a parallel between the noncommutative quantum universe and the other three universe types, 
it is necessary to have a prescription of how to compute Bohmian trajectories in noncommutative quantum 
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(a) (b) 

FIG. 3; The typical behavior of the scale factor of the commutative FRW universe, (a): /i = 0.6, v — —0.58, = 1-2, 
and 770 = 4. [b) : n — 0.6, ly — 1.78, ^0 ~ 1.7, and 770 ~ 4.5. 



cosmology. The simplest way to do this is by extending the Bohmian formulation discussed in section 4 along 
the same lines proposed in jllj . The procedure consists in departing from the C-frame and using the "beable" 
mapping H46|l to ascribe an evolution law to the canonical variables. In our time gauge for the noncommutative 
cosmology, N — anc (see section 3), the Hamiltonian Hill) reduces simply to 



p2 



Anc 



(65) 



We can therefore use h to generate time displacements and obtain the Bohmian equations of motion for {t) 
and Xc {t) as 



(66) 



f|£ = B(.Rxd)=i(l-«')|^+»<... (67) 

The connection between the C- and NC-frame variables is established by applying the "beable" mapping to the 
operatorial equations that is, by defining a = B{a) and x = B(x). Once the trajectories are determined 
in the C-frame, one can find their counterparts in the NC-frame by evaluating the variables a and x along the 
C-frame trajectories, 

a{t) = B {a)\ = a,{t) - U^^SM), Xc{t)] , (68) 

Xc=Xc(0 

xit) = Bix)\ =Xc{t) + ?:da^S[a,{t),Xc{t)]. (69) 

aa=aa(t) Z 

Xa=X.{t) 

In what follows we shall illustrate the application of the formalism in noncommutative quantum cosmology. 



VI. APPLICATION TO NONCOMMUTATIVE QUANTUM COSMOLOGY 

-ida^ and P^^ = 



By using the representations Pa 
DeWitt equation (|63|l as 



we can write the noncommutative Wheeler- 



g2 \ f d d 



dal dXc 



" dttc dxc 



^{a^,Xc) = 0, 



(70) 
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where /? = 1 — 0^ . The separation of variables can be made by changing to the new set of coordinates 



Oc = $ cosh ri, Xc^ S. sinh 77, 



which allow us to rewrite (|70|l as 



(71) 



(72) 



The computation of the Bohmian trajectories is rendered easy by expressing the equations of motion (|66|l 
and (|67|l in the same hyperbolic coordinates as the wavefunction. After the change of variables, the Bohmian 
equations of motion can be written as 



dt 2^ ' ' dt 2e ^ 



(73) 



The equations (|68|l and H69fl . responsible by the NC-C-frame correspondence, can be written in the new set of 
coordinates as 



anc{t) = a,{t) + - sinh?? d^S[m,v{t)] - ' coshr/9^^ [e(t), ??(t)] 



(74) 



Xncii) = Xc{t) + 2 cosh 77 d^S [e(t), - sinh 779^5 K(t), vit)] ■ (75) 

Before starting our comparative study by computing Bohmian trajectories corresponding to specific solutions 
of (|72|l . let us discuss the case of real wavef unctions.^ While in the commutative Bohmian quantum cosmology 
real wavefunctions always represent static universes, in the noncommutative Bohmian quantum cosmology they 
can represent dynamical universes, a property pointed out in \vi\ for the Kantowski-Sachs model. In the FRW 
with a conformally coupled scalar field under consideration, equations 173|l tell us that to real wavefunctions 
correspond always a nontrivial and identical dynamics. Moreover, from (|74ll and (|75() we can see that when 
5 = the NC- and C-frame realizations are indistinguishable, representing the same universe. This universe is 
determined by solving equations (|73() and substituting the solutions in (|71|l . As a result, we find 

a„c {t) = flc (t) = ^0 cosh {9t + 770) , 

(76) 

Xnc (t) = Xc (t) = £.0 sinh {9t + 770) . 

Real wavefunctions therefore always represent non-singular bouncing universes. Complex wavefunctions, on 
the other hand, can give rise to a great variety of dynamics, where the distinction between the frames of 
physical realization can be crucial. In the same way as in the classical analog, we can distinguish three cases: 
\0\ < 1,61 = ±1 and \e\ > 1. 

A. Case l^] < 1 

In this case, equation ()72fl can be solved by using the ansatz 

vI/(C,77) = i?(e)e»''. (77) 



This particular case can be of specia l in terest, since real wavefunctions are priviledged, e.g., by tlie non-boundary proposal for 
the initial conditions of the universe 
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As a result, we find 



whose solution is 



8^R , 18R , fa^ , 4.«_4|^.^^^^ ^^^^ 



ae esc Ve' P P 



R iO = (I) W^„«/2V?.a/2 (^) + (I) r'M„,/2v73.a/2 (^) , (79) 

where Wu,uix) and M^^^{x) are Whittaker functions, and i^Q are constants and a is a real number. The 
piece corresponding to the M^,i,(x) contribution leads to a divergent wavefunction in the classically forbidden 
region. We shall therefore discard its contribution in a similar way as in the commutative model discussed 
before. We can thus write the solution of l|72|l as 



a 

In the limit were 6 = 0, the Whittaker functions are reduced to the Bessel functions Ki^ through the 

relation, 

r'wo,,^/2 {2e) = i-j K,^/2 (,e) , (si) 

and therefore the wavefunction H8U|I matches with the commutative wavefunction (|43|l . 

In the sequel we present two examples of application of the Bohmian formalism in the investigation of the 
properties of the wavefunctions. 



1/2 



ad l2^Aal2 



2^ 

7^ 



(80) 



1. Example 1 

The wavefunction is of the type 



vl/(e, ^) = ^l^„«/2y3,»/2 ( ^ j e-", (82) 



where A is a constant. Since the Whittaker function W^^iy{x) is real for /i and v real and a; > 0,"'^'' the phase 
can be read directly from the exponential: S = arj. The equations of motion for ^ and rj in this state are 

- n dr] _aB 

As the solutions for ac{t) and Xc(i): we have 

flc [t) = flco cosh (Ki) , Xc (t) = flco sinh (nt) , (84) 

where k = aP/2a'^^ + 9 and 770 was absorbed by redefining the origin of time. 
From 1)74(1 and ((75|l we can write 

a„c(i) = a«co cosh {nt) , Xnc[t) = flnco sinh {nt) , (85) 

where a„co = Qco ~ ad jla^^. Again we found bouncing solutions that can be mapped into the classical solution 
of the same type with a suitable identification of the integration constants. But this is not the only interesting 



This can be verified by looking at the integral representation (9.223) in page 1060 of reference l33l . 



17 



10 




FIG. 4: The minimum value of the scale factor of the noncommutative quantum FRW universe with \9\ < 1 in the 
NC-frame y — a„co ^ ^ function of its value in the C-frame x — a^g. The thick line refers to the case where a9 < 0, 



and the thin line to that where aO > 0. The values adopted for aO are aO 
plotted. 



-1 and aO = 1. The diagonal line is also 



property exhibited in this case. From (|85|l we can see that to each universe in the NC frame there corresponds 
at least one universe in the C-frame, as it is shown in Fig. 4. For a9 positive, the correspondence is one to one 
and exists only for > ^/\a9\/2. Smaller values of would imply a singular universe in the NC-frame. 

For negative values of a9, on the other hand, the correspondence is defined for all values of Ocq. To each 
universe in the NC-frame there correspond two universes in the C-frame. An exception occurs for a^g = y^a0/2, 
where the curve a„co x achieves its minimum and the correspondence is one-to-one. This value of ac„ marks 
the division between the two regimes that govern the NC-C-frame correspondence: large a„co ^^'^ small a^g 
and of large a„co Ucg ■ A similar behavior was previously found in [2^ in non-relativistic Bohmian quantum 
mechanics when studying the harmonic oscillator. The capability of the noncommutativity effects to promote 
the interplay between large and small scale distances was interpreted in that reference as manifestation of a 
sort of "UR-UV mixing" in the oscillator orbits. 



2. Example 2 



The wavefunction function 180(1 is a sum of two functions. 



2e 



(86) 
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The corresponding phase is 

S'(^, rj) = arctan 



^lW^e/2■/^3,^^^/2 cos im) + MW^Qi^^,^!^ cos (z/77) 



(87) 



where, as in the commutative case, A\ and were chosen as real coefficients. The equations of motion (|73|) in 
this state are 



dt 



AxA2 



^ie/2^,i,,/2^i'e/2^,iu/2 - ^Me/2V^,jp/2W'^e/2V?,i!'/2 



sin [{fi - v) 77] 



42^2 

1 Vfl/2v^,iA'/2 



/12tv2 

^2 ''''^e/2v/3,ii^/ 



^ ,2 + 2yllA2T4^^e/2^,,^/2M^^^)/2V^,^,./2 cos [(/x - i^) ??] ^ 



dr, ^ (i M?W^'e/2y3-AV2 + ^^2W^'e/2y3,-/2 + ^1^2 + i^) W•^e/2V?,^M/2^^^e/2^/3,^./2 COS [(/i - z/) ry] 



dt 2^2 



-J- 42w2 
i^^/2 ^ 2 ^'^i.e/2v^,w/2 



2^1 A2W^^0/2^,,^/2W^i,e/2v77,i!^/2 COS - v) iff\ 



-0, 
(89) 

where prime means derivative with respect to the argument. As in the commutative counterpart, we have an 
autonomous set of non-hnear coupled differential equations to solve. In order to render easy the comparison 
with that case, let us fix Ai = A2 = 1/V2- Again its is possible to find bouncing solutions, as it is shown in 
Fig 5(a), where the splitting between NC- and C-frame evolutions is quantitatively irrelevant. The effect of 
noncommutativity in that case is manifest through the suppression of the sequence of bounces that appears in 
the commutative counterpart and by shifting the time where the universe achieves its minimum size [see Fig. 
3(6)]. 

The case where fi = —v, which in the commutative counterpart corresponds to a static universe, here has a 
non-trivial dynamics. One example is presented in Fig. 5(6), where a cyclic solution similar to that of Fig. 3(a) 
is depicted. The splitting between NC- and C-frame evolutions in this case is again quantitatively irrelevant. 



B. Case 6 = ±1 



As in the classical counterpart, the case = ±1 is marked by a peculiar behavior. Equation H72|) in this case 
is reduced to the first order partial differential equation 



dr] 



^(e,'7) = o, 



(90) 



whose general solution is 

*(C,^)=i?(e)e±'«''', (91) 
where R{^) is any differentiable function of ^. The equations of motion H73|l in this case are reduced to 

whose solutions are 

e = ^o, V^±t + Vo- (93) 

As the solutions for adt) and Xcit), we have 

ac (t) = Co cosh (±t + ?7o) , Xc (0 Co sinh (±t + 770) , (94) 
while the corresponding a{t) and x{t) ^re 

One {t) = ^Co cosh {±t + 7jo) + Co {±t + m) sinh {±t + ??o) , (95) 
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Xnc (t) = -Co sinh {±t + r]o) + Co {±t + 770) cosh {±t + i]o) . (96) 

In both NC- and C-frame reaUzations of noncommutativity we find bounce solutions whenever > 0, while 
for Co ^ the universe is necessarily singular [Fig. 5(c)]. The novelty here is that these universe solutions are 
the most general ones available. No matter what is the wavefunction, the fate of the universe is determined 
uniquely by Co ■ At first sight it could seem strange that the wavefunction cannot have any influence on the fate 
of the universe, independent of its functional form. However, if we realize that the information provided by the 
wavefunction is about the universe evolution law, we find that the wavefunction is playing its hole providing us 
equations (|92|l in the same way as in all the other cases previously discussed. Since the kinetic term is quenched 
by noncommutativity effects, what we found in this case is exactly what one would expect to find: a poor and 
highly constrained dynamics, similar to the one that appears when a magnetic field projects a system onto its 
lowest Landau level (see and ref. therein). 



C. Case \e\ > 1 



In this last case the most general wavefunction that satisfies (|7Uf) can be written as 



2^e 



iae/2y'\P\,ia/2 



iae/2y'\f3\,ia/2 



(97) 



Contrary to the previous cases, the contribution corresponding to Mi^g /2\f3\.ia/2 is not divergent in the classically 
forbidden region. Moreover, each of the Whittaker functions W^^,y(x) and M^^^{x) in this case is complex, and 
therefore can give rise to a dynamics that differs from the ones of the examples previously discussed. For 
simplicity, we shall consider only the example where 



M'(C,r/) = Al¥,, 



2^e 



iae/2y'\f3\,ia/2 

For this wavefunction, the equations of motion lf75|) for ^{t) and ri{t) can be shown to be 



(98) 



w. 



iae/2j\p\,ia/2 



(2zCV 



(99) 



~ 2^2 



(100) 



The equations (|99|l and HlOOfl can be solved analytically in the limit of large C, where the contribution coming 
from the term containing the Whittaker functions in the right hand side of (|99|l can be approximated by 
— 2-y/I^C- In this regime, can be simplified to 



dC 

dt 



The solutions of (|100|l and (|101|l are 



(101) 



\l3\t 



(102) 



■no- 



(103) 



20 



As the expressions for adt) and Xc(t) we have 

a^t) = acoe"^*cosh 



4a2 

Co 



1 „ e2/^A ^ 



(104) 



4a2 

Co 



(105) 



where 770 was absorbed by redefining the origin of time. The corresponding anc{t) and Xncit) obtained from 
l|71jl and lO are 



aUt) = f - ^e^/^* ) e'VWlt ^^^^ 



2a 



4«?o 



(1 _ e2/^t^ ^ 



(106) 



^e-Vl/3|*sinh 



4a2 
^"co 



(1 _ e^Vmt^ ^ 



Xncit) = a 



— e2%^*^e-^'sinh 



2ac 



4a2 

^"co 



(^1 _ e2^tj _^ 



(107) 



0ar 



^e-V 1/31* cosh 



4«?o 



(1 _ e^/^*) + 0t 



From (|102() we can see that the physical meaning of the approximation assumed is that of early times. Figure 
5(d) depicts the scale factors anc{t) ^^nd ac{t) in an interval where the approximation proposed is accurate. 
Depending on the values of 9, a, and Ocq, the deviation in the behavior of them can be very large. The situation 
here is more or less similar to that of case 1 of section 6. We shall therefore not enter the details. Let us consider, 
for example, the case where aO < 0. For any instant of time t — T where the approximations (|104|I - H107() are 
valid, we can see that to each universe in the NC-frame there correspond two universes in the C-frame: one 



with large and the other with small. The graph of y 



aeexp[2^/\(f\T]/2aca [which in ((TUH|l has a 



role similar to that of a„co case 1, section 6] is identical in shape to that of Fig. 4. 



VII. DISCUSSION 



In this work, we carried out an investigation into the role of noncommutative geometry in the cosmological 
scenario by introducing a noncommutative deformation in the algebra of the minisuperspace variables along the 
same lines proposed in and followed in As a cosmological model to carry out such an investigation, 
we chose a Friedman-Robertson- Walker universe with conformally coupled scalar field. A parallel was drawn 
between the realizations of noncommutativity in two possible frameworks for physical interpretation: the C- 
frame, where it manifest through 0-dependent terms the Hamiltonian, and in the NC-frame, where it is manifest 
directly in the universe degrees of freedom. 

The influence of noncommutativity in the universe evolution and its capability to remove cosmological singu- 
larities was investigated by means of a comparative study of the FRW model in four different versions: classical 
commutative, classical noncommutative, quantum commutative and quantum noncommutative. The confronta- 
tion between the classical and quantum versions was rendered easy by the Bohmian interpretation of quantum 
theory, which provided a common language for comparison through the quantum trajectory formalism. An 
extension of the Bohmian formulation to comprise noncommutative effects was previously proposed for the 
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FIG. 5: Selected plots of the scale factor of the FRW universe in the NC-frame realization (thick lines) in contrast with 
C-frame realization (thin lines), (a) : 6 = —0.9, fi = 0.6, v — 1.78, = 1-7, and rjo — 4.5. (b) : 9 = 0.1, = 0.3, 
v — —0.3, = 1, and 770 = 10. (c) : 6 = 1, ^0 ~ 5, and rjo — 0. (d) : 9 — —1.5, a — 1.5, ao = 2, and tjo = 0. 



Kantowski-Sachs model in 11]. In our comparative study we have dealt with the noncommutative quantum 
model along the same lines. The "beable" mapping commonly employed in Bohmian quantum mechanics was 
extended to noncommutative quantum cosmology. In the commutative context, our formulation is reduced to 
the one proposed by Holland 18] in the minisuperspace approximation. 

In the classical context, the main result of our investigation is that, contrary to the noncommutative 
Kantowski-Sachs model, for 6 sufficiently large the noncommutative FRW can be non-singular. When \d\ > 1, 
noncommutativity can give rise to bouncing universes in the NC- and C-frame realizations. The 9 = ±1 case 
is of particular interest since it reveals the capability noncommutativity has to mimic quantum effects under 
special conditions. The bouncing solutions that appear in both NC- and C-frame realizations [Eqs. H23() and 
H24|l ] can be mapped into the commutative quantum solution l|55f) with an appropriate identification of the 
integration constants. Therefore noncommutative classical quantum universe can be indistinguishable from a 
commutative quantum universe. Similar correspondences involving the noncommutative classical universe and 
other bouncing solutions of noncommutative quantum cosmology were described in section 6. 

While in the classical context non-singular universe solutions can exist only in the noncommutative universe 
model and for \9\ > 1, in the quantum context one may find non-singular universe solutions even in the com- 
mutative case. The qualitative behavior of the universe solutions in noncommutative quantum cosmology was 
discussed in section 4, where examples were presented that contain non-singular periodic solutions, non-singular 
solutions presenting one bounce, as well as non-singular solutions containing an infinite sequence of bounces 
enveloped by a larger bounce. When noncommutativity effects are turned on in the quantum scenario, they 
give rise to dynamical universes in situations where Bohmian quantum cosmology admits only static universes. 
One example is that of real wavefunctions, which in the noncommutative FRW model with a conformally cou- 
pled scalar field represent always non-singular bouncing universes. Noncommutativity effects can also induce 
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a dynamical behavior yielding non-singular periodic universes in cases where the commutative counterpart is 
static and the noncommutative wavefunction is complex. An example was presented in section 6. 

The investigation into the NC-C-frame correspondence revealed that, even in the classical context, the descrip- 
tion of the universe evolution provided by these two possible scenarios for the realization of noncommutativity 
can differ radically. In section 3 we showed that for some values of the integration constants the universe can be 
non-singular in the NC-frame, while its C-frame counterpart is singular. An example of the drastic difference 
that can occur between the NC- and C-frame realizations was exhibited in that section for the case where 
9 = ±1. It consists of a universe that is non-singular in the NC-frame and that has no correspondent in the 
C-frame, where it is at all times singular. 

In the quantum context the distinction between the NC- and C-frame descriptions was shown to be as relevant 
as it is in the classical one. An example was worked out that discusses how a universe with large a„c min in 
the NC-frame can correspond to two universes in the C-frame, one with large acmin — flncmim and other with 
very small Ccmin- Such an interplay between small and large scale distances was previously reported in (2^, 
where it was interpreted as a sort of "IR-UV mixing" , in analogy with noncommutative field theory. Other 
examples involving the NC-C-frame correspondence were presented and solved numerically for the case |0| < 1 
and analytically for the case \6\ > 1. Again the case where 9 — ±1 provided an interesting example. When 
9 = ±1 noncommutativity effects act to drop the kinetic term from the Wheeler-DeWitt equation. This justifies 
the poor and highly constrained dynamics found in this case. No matter what is the wavefunction in this case, 
if the initial conditions are non-singular the universe is non-singular and experiments a single bounce in both 
NC- and C-frame descriptions (Fig. 5c). 

In case noncommutativity of the minisuperspace variables has in fact played a role in the evolution of the 
primordial universe, as proposed in _J.O,] . the study carried out in this work renders evident the need of an 
ontology in order to have a clear picture of the essential features of the noncommutative universe models. The 
correspondence between degrees of freedom in two different frames of realization is not sufficient to define the 
theory completely, which is only fixed by assuming one of them as the physical frame. This necessity seems 
not to be an exclusive feature of the cosmological model considered here, where the dramatic difference in the 
universe evolution can be attributed, in part, to the fact that the noncommutativity in question is that of 
the system's degrees of freedom - the minisuperspace variables-. In the models where noncommutativity does 
not involve directly the system's degrees of freedom, as the canonical noncommutative field theories that come 
from string theory 3], the study of the correspondence between the NC- and C-frame descriptions is also a 
relevant subject. In the context of gauge theories, where the connection between the NC- and C- frames is via 
the Seiberg-Witten map, an investigation into the properties of the theory that have resemblance with gravity 
was carried out, e.g., in 0, where the equivalence between spacetime translations and gauge transformations 
is shown to occur in the NC-frame. In the C-frame, on the other hand, where such an equivalence seems to 
be lost, noncommutative fields can be interpreted as ordinary theories immersed in a gravitational background 
generated by the gauge field, as shown in the interesting work by Rivelles [s^, and further in js^. 
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